We propose a method to evaluate spectral functions on the lattice based on a variational method. On a lattice with a finite spatial extent, spectral functions consist of discrete spectra only. Adopting a variational method, we calculate the locations and the heights of spectral functions at low-lying discrete spectra. We first test the method in the case of analytically solvable free Wilson quarks at zero and finite temperatures and confirm that the method well reproduces the analytic results for low-lying spectra. We find that we can systematically improve the results by increasing the number of trial states. We then apply the method to calculate the charmonium spectral functions for S and P-wave states at zero-temperature in quenched QCD and compare the results with those obtained using the conventional maximum entropy method (MEM). The results for the ground state are consistent with the location and the area of the first peak in spectral functions from the MEM, while the variational method leads to a mass which is closer to the experimental value for the first excited state. We also investigate the temperature dependence of the spectral functions for S-wave states below and above Tc. We obtain no clear evidences for dissociation of J/ψ and ηc up to 1.4Tc.
I. INTRODUCTION
Quark-gluon-plasma (QGP) is expected to be formed at sufficiently high temperatures and densities and considered to play an important role in the early universe and in the core of neutron stars. In heavy-ion collision experiments, the QGP created is expected to cause a suppression of J/ψ creation due to the dissociation of charmonia in the deconfinement phase of QCD [1] . Suppression of J/ψ particles was actually observed in several experiments at the Super Proton Synchrotron [2] and the Relativistic Heavy Ion Collider [3] . Here, not only J/ψ but also χ c and ψ ′ states contribute to the total yield of J/ψ [4] . To investigate properties of these charmonia in the deconfinement phase, hadronic spectral functions are studied at zero and finite temperatures.
spectral functions on the lattice are calculated conventionally by using the maximum entropy method (MEM) [5] in which spectral functions are extracted from Euclidean correlation functions using a Bayesian probability theory. With the MEM, the temperature dependence of charmonia spectral functions has been investigated in quenched [6] [7] [8] [9] and two-flavor QCD [10] . From these studies, the S-wave charmonia (η c , J/ψ) are suggested to survive up to temperatures higher than about 1.5T c , where T c is the critical temperature. On the other hand, the P-wave charmonia (χ c0 , χ c1 ) are suggested to dissolve just above T c [9, 10] .
The spectral functions from the MEM are continuous as expected in infinite-volume field theories. In the finite volume, on the other hand, the spectral functions consist of discrete spectra only, since the degrees of freedom of the theory is finite. Therefore, the meaning of the continuous spectral functions from the MEM is not quite clear. This is problematic, in particular, in cases when the MEM leads to ambiguous results depending on, e.g., the choice of the default model.
In this paper, we propose a method to directly calculate spectral functions at discrete spectra on the lattice, applying a variational method. Variational method is a powerful tool to extract information of low-lying discrete spectra [11] . In our previous paper, we studied the temperature dependence of charmonium wave functions for the ground and first excited states using a variational method [12] . We extend the method to evaluate spectral functions, i.e., the location and the height for each low-lying discrete spectra.
With the variational method, information for low-lying spectra is extracted by diagonalizing correlation matrices between various smeared operators. The spectral functions are defined in terms of correlation functions between pointlike operators. We thus include pointlike operators among the smeared operators. We calculate spectral functions from the element of the correlation matrices corresponding to the pointlike source and sink operators. We show that the accuracy and reliability of the resulting spectral functions can be systematically improved by increasing the number of smeared operators.
At nonzero temperatures, the spectral function for a meson operator O Γ is given bỹ
where E k is the energy of the state |k and Z(T ) is the finite temperature partition function. As T is increased, we expect that the height of each pole varies and, simultaneously, more poles at E k − E k ′ appear in addition to the zero-temperature poles at E k − E 0 , where E 0 is the ground-state energy. When a particle dissociates, we may expect that the corresponding spectral function shows a drastic change around the dissociation temperature: The height of the pole corresponding to that particle will become lower and will be eventually buried by nearby poles. Our final goal is to clarify the fate of various charmonia at high temperatures. This paper is organized as follows. We introduce our method to calculate locations and heights of the peaks of meson spectral functions with the variational method in the next section. In Sec. III, we first test the method for the case of free Wilson quarks. We construct meson correlation matrices using various Gaussian smearing functions and compare the results of spectral functions with analytic solutions. We then apply the method to calculate the charmonium spectral functions in quenched QCD at zero and finite temperatures in Sec. IV. Our conclusions are given in Sec. V. A preliminary report was presented in [13] .
II. SPECTRAL FUNCTIONS WITH THE VARIATIONAL METHOD
In this section, we introduce a method to calculate locations and heights of the peaks of meson spectral functions with a variational method [11] .
The Euclidean meson correlation function is defined by
where O Γ ( x, t) =q( x, t)Γq( x, t) is the pointlike meson operator for channel Γ and Γ = γ 5 , γ i , 1, γ 5 γ i (i = 1, 2, 3) correspond to pseudoscalar (Ps), vector (Ve), scalar (Sc) and axial-vector (Av) channels, respectively. For Ve and Av channels, we average the correlation functions over i = 1, 2, 3. Then, the meson spectral functionρ Γ (ω, p) is related to its Fourier transform
by
where T is the temperature. Setting the lattice spacing a = 1, we have 1/T = N t with N t the temporal lattice size.
On finite lattices, the spectral function consists of discrete spectra only. Therefore, the integral over ω in (4) is actually a summation over discrete values of ω. For the zero momentum case, p = 0, we rewrite (4) on finite lattices as 
Let us introduce smeared meson operators
with an appropriate gauge fixing [22] , where ω i ( x) (i = 1, 2, · · · , n) are smearing functions. We define an n × n meson correlation matrix
In this study, we set ω 1 ( x) = δ( x), so that C Γ (t) 11 is only the C Γ (t) defined by (5) . By solving a generalized eigenvalue problem for k = 1, · · · , n, we define effective masses m eff k (t; t 0 ) by
Denoting
. Then, the (1,1) element of this relation reads
Comparing (5) and (10), we define an effective spectral function
.
When we let t and t 0 sufficiently large, m eff k approaches to the mass of the k-th state m k and ρ Γ (m eff k ) approaches to the spectral function ρ Γ (m k ) defined by (5) .
Note that while only the (1,1) element is related to ρ Γ (m eff k ), all n trial states contribute in (11) . Keeping n finite introduces a systematic error in the location and height of low-lying spectra at finite t. By increasing n, we can systematically improve the results. On the other hand, we note that setting n too large can lead to large statistical fluctuations and numerical instabilities. In the calculations shown below, we further apply the midpoint subtraction method [15] to the meson correlator matrices in order to subtract the constant mode contributions:
Accordingly, cosh in (5) and (9)- (11) should be modified
] − 1 while other factors including the sinh terms remain unchanged. In principle, we can treat the constant mode as an eigenstate in the variational method too. We have confirmed that the low-lying physical modes from variational calculations with and without the midpoint subtraction procedure are consistent with each other. We find, however, that the midpoint subtraction improves the arithmetic precision of signals at large t and thus the resulting effective spectral functions are more stable with the midpoint subtraction. 
III. TEST WITH FREE QUARKS
In order to test the method, we first study the case of free Wilson quarks. We compare spectral functions from the variational method with the analytic solutions on anisotropic lattices with the anisotropy ξ = a s /a t = 4, where a s and a t are the spatial and temporal lattice spacings, respectively. At the Wilson parameter r = 1, we adjust the quark massm ≈ 0.7501 to approximately reproduce the grand-state meson masses in quenched QCD studied in the next section.
The analytic solutions for meson spectral functions with free Wilson quarks are given in Appendix A for the Ps, Ve, Sc and Av channels. The spectral functions with the variational method are calculated by setting link variables to unity in the QCD code to be used in the next section. In this paper, we adopt Gaussian smearing functions defined by
with the smearing parameters A i listed in Table I . Here A 1 = ∞ is for the point operator.
We first test on a 20 3 ×128 lattice with ξ = 4. In Figs of t. We extract the signals at the largest t = 63 (t = 64 is excluded by the midpoint subtraction procedure). In order to suppress the contamination of higher states, we choose large t 0 (< t) under the condition that the signals of m the Ve (Av) channel are similar to those of the Ps (Sc) channel. From these figures, we find that the ground-state signals m 1 and ρ(m 1 ) can be safely extracted even with a small n. A larger n is required for excited states to obtain asymptotic signals at t = 63, in particular, for the second excited state (k = 3) of P-waves. On the other hand, we find that setting n too large cause numerical instabilities due to the limitation of the arithmetic precision -in the present test, n > 7 induces instabilities at large t for several states. We thus restrict ourselves to n ≤ 7. Figures 3 and 4 show the results of m k and ρ Γ (m k ) for the lowest three states obtained at t = 63 with n = 3, 4, · · ·, 7. The results in the bracket are those apparently not asymptotic at t = 63 from the t-dependence of the effective mass or the effective spectral function. The analytic solutions are given by the asterisks. We find that, except for the case of the second excited states in P-wave, the analytic solutions are well reproduced by choosing a sufficiently large n. For the second excited states in P-wave, we observe slight deviations from the analytic results even with our largest n (see Fig. 4 ). The fact that the deviations become smaller with increasing n suggests that these results are not fully asymptotic yet. A possible cause will be our choice of the trial states based on the Gaussian smearing functions which may not be overlapping well with P-wave excited states. Another reason may be the large contamination of the constant mode in P-wave correlation functions (see Appendix A). Although the constant mode is removed by the midpoint subtraction procedure, the resulting signal suffers from lower precision. We leave these issues for future investigations.
On finite temperature lattices with a small temporal extent N t , the range of t available for the variational analyses is limited. To study its influences, we repeat the test on an anisotropic 20 3 × 32 lattice with ξ = 4, adopting the same simulation parameters. In the free quark case, because no interactions with the thermal background medium exist, we have no additional poles at T > 0 in (1).
Effective masses and effective spectral functions obtained on the finite temperature lattice are shown in Figs. 5 and 6 for the Ps and Sc channels. We adopt t 0 = 14 and t = 15. In Figs. 7 and 8 , we compare spectral functions on 20
3 × 32 and 20 3 × 128 lattices for the lowest three states in these channels obtained with n = 7. The asterisks represent the analytic solutions. Results for the Ve and Av channels are similar to those of the Ps and Sc channels, respectively. We find that the limitation of the range of t requires a larger n to extract asymptotic signals. On the N t = 32 lattice, the second excited states show deviations from the analytic results even with n = 7. To overcome the problem, a set of more optimally smeared operators will be needed. By examining both t and n dependences of the results, however, we can get an idea to which extent the results are asymptotic.
IV. CHARMONIUM SPECTRAL FUNCTIONS
In this section, we study charmonium spectral functions in quenched QCD and compare the results of the variational method with those obtained by the conventional MEM. 
A. Simulation parameters
We perform simulations on anisotropic 20 3 × N t lattices with the renormalized anisotropy ξ = 4 adopting the standard plaquette gauge action. We study at β = 6.10 where the spatial lattice spacing determined by the Sommer scale r 0 = 0.5 fm [16] is a s = 0.0970(5) fm (a −1 s = 2.030(13) GeV). Our spatial volume is thus about (2 fm) 3 . The bare anisotropy for ξ = 4 is γ G = 3.2108 [17] . For valence quarks, we adopt an O(a)-improved Wilson quark action. We set the bare fermionic anisotropy γ F = 4.94 and tree-level tadpole improved clover coefficients c E = 3.164 and c B = 1.911 to realize ξ = 4 (see Ref. [17] for the definitions of the coupling parameters). In this study, we set the Wilson parameter r = 1 to suppress lattice artifacts in excited charmonia [18] . We study at κ = 0.10109, which corresponds to the physical charm quark mass on an isotropic lattice with a similar spatial lattice spacing.
For the temporal lattice size, we adopt N t = 160 for the zero-temperature simulation, and N t = 32, 26, and 20 for finite-temperature simulations at T ≈ 0.88T c , 1.1T c , and 1.4T c , respectively. Here the critical temperature T c is determined by the peak position of Polyakov loop susceptibility and corresponds to N t ≈ 28. After 20 000 sweeps for thermalization, we generate 299 configurations at zero temperature and 800 configurations at finite temperatures separated by 500 pseudo-heat-bath sweeps. Our simulation parameters are summarized in Table II. To calculate smeared operators, we use the Coulomb gauge. Statistical errors for spectral functions are estimated by a jackknife method.
B. Zero temperature
At zero temperature, we calculate the locations and the heights of the peaks for charmonia spectral functions up to the first excited state for Ps, Ve, Sc and Av channels. We first calculate the spectral functions with the conventional MEM [5] using meson correlation functions for point operators. We use the range t = 1-60 for Ps and Ve channels, and t = 3-60 for Sc and Av channels, because the latter correlation functions suffer from lattice artifacts at t ∼ 1. For the default model m(ω), we 
where m DM = 4.2 for Ps and Sc channels and 2.4 for Ve and Av channels, as determined by the asymptotic behavior of meson correlation functions in the perturbation theory at α = 1 [5, 6] . We estimate statistical errors by the jackknife method. To estimate systematic errors due to the choice of the default model, we multiply the factor α and vary it in the range 0.5-2.0. We have checked that when the default model is fixed, the results are stable under variations of various parameters in the MEM. Our results of spectral functions by MEM for Ps, Ve, Sc and Av channels are shown in Figs. 9 and 10 for the cases α = 1, 0.5 and 2.0. We find that for the S-waves, the peaks are well isolated up to the first excited states and the results are approximately stable. But, for P-waves, the peaks are not isolated and peaks for excited states are not stable. We identify m k with the peak position defined by the maxima of the spectral function, and ρ Γ (m k ) with the area of the peak at m k . For the P-waves for which the peaks are not well isolated, we divide the spectral functions into each peak at the minima to compute the area.
To calculate spectral functions with the variational method, we adopt the Gaussian smearing function (13) with the smearing parameters listed in Table I . The effective masses and effective spectral functions with t 0 = 5 are shown in Figs. 11-14 . To extract the plateau, we fit the data in the range shown by horizontal solid lines in Figs. 11-14 for each charmonium. Here, we choose the same fit ranges for effective masses and corresponding effective spectral functions. The fit ranges [t min ,t max ] are chosen as follows. We first determine t max as the upper bound of the plateau of m eff k and ρ Γ (m eff k ) for each k. Then, we study t min -dependence of m k and ρ Γ (m k ). As expected from Figs.11-14, when n is small, we sometimes observe that m k keeps decreasing with increasing t min up to t max . When n is sufficiently large, however, m k and ρ Γ (m k ) are stable in a wide range in the sense that t min -dependences are smaller than, or at least comparable with, the small statistical errors, though the statistical errors become large when t min becomes close to t max . Because a simple criterion to define a plateau region is not available, in this study, we just choose t min , where χ 2 /dof for m k becomes closest to 1, and reject the data by adding brackets in the plots when a systematic tendency to deviate from the plateau is observed beyond statistical errors by increasing t min towards t max . With the present lattice size and statistical accuracy, we cannot exclude a mild decrease of m k and ρ Γ (m k ) by choosing the fit range at larger t. Therefore, our m k and ρ Γ (m k ) should be regarded as upper bounds for them. Resulting ranges of the value of χ 2 /dof are 0.82-1.1 and 0.045-0.54 for m k and ρ Γ (m k ), respectively. We confirm that the variations of m k and ρ Γ (m k ) under a change of t min to t min ± 1 are less than 0.2% and 2%, respectively. Our results for charmonium spectral functions are summarized in Figs. 15-18 . The errors for the variational method's data are smaller than the symbols. The symbols in the brackets are not asymptotic. For the results from MEM, statistical errors for m k and ρ Γ (m k ) are given for each values of α. We note that the statistical errors in m k and ρ Γ (m k ) have strong positive correlation, i.e., the errors actually shape a thin oval inclined rightwards. The experimental values of corresponding charmonium masses with their errors are shown by vertical dashed lines [19] . In this study, the charm quark mass is adjusted to approximately reproduce the experimental J/ψ mass. On the other hand, masses of η c , etc., show slight deviations from experiment, in accordance with the previous observation with O(a)-improved Wilson quarks that the charmonium hyperfine splitting is smaller than experiment in quenched QCD [20] .
We find that the results for the ground states are well consistent with each other between the MEM and the variational method with all n studied. On the other hand, for the first excited states, the variational method leads to results discrepant from those of MEM. For the S-waves, we find that the discrepancy is beyond the errors estimated with the MEM and becomes larger with increasing n. We find that the results of the variational method converge to a point close to the experimental values. This suggests that the inclusion of higher states in the variational approach helps improve the signals for excited states. We also note that the results of MEM approximately corresponds to those of the variational method in the limit of small n, in accordance with the fact that the studies with MEM are based on the information of point-source correlation functions only. The results for P-wave excited states are similar, but the errors in the MEM results are quite large to draw a definite conclusion.
C. Finite temperature
Finally, we study the charmonia spectral functions at finite temperature. We calculate m k and ρ Γ (m k ) with the variational method using the same smearing functions with n = 7 and t 0 = 5.
In Figs ) (lower panels) show a slight shift between the temperatures below and above T c . However, the temperature dependence is not a drastic one as expected when a particle dissociates. Thus, these results suggest that both η c and J/ψ survive up to 1.4T c . Because the effective masses and effective spectral functions are not asymptotic up to the largest t available, we do not attempt to fit a plateau.
The results for the first excited state Ps channel are shown in Fig. 21 . We also found that results for the Ve channel look similar. We note that both the effective mass and effective spectral function show strong Tdependence above T c . The results for P-waves are also similar to those for the S-wave first excited states. Even for the ground states, as shown in Fig. 22 for the Sc channel, we find the strong T -dependence above T c . This may suggest appearances of additional poles. However, since we cannot extract asymptotic signals from the present data [23] , it is difficult to draw a definite conclusion on the fate of corresponding charmonia above T c . 
V. CONCLUSIONS
We introduced a method to calculate meson spectral functions with the variational method. We first confirmed by a test in the free quark case that the method reproduces the analytic solutions well for several lowlying states when the number of trial operators, n, is sufficiently large. By introducing more trial operators, we can systematically improve the signal. On the other hand, a judicious choice of the trial operators is needed to obtain an asymptotic signal within the range of available t, in particular, for highly excited states in P-waves. This imposes a severe limitation on the applicability of the method at high temperatures. A good feature of the method is, however, that we can judge to which extent the results are regarded as asymptotic by examining the t-and n-dependences of effective masses and effective spectral functions.
We then adopted the variational method to calculate charmonium spectral functions in quenched QCD. Comparing the results of the variational method with those of the conventional MEM at zero temperature, we found that the location and the area of the ground state peak by MEM are well reproduced by the variational method. For the first excited states, we find that the variational method leads to spectra much closer to the experimental ones. We note that the results of MEM approximately corresponds to those of the variational method in the limit of small n.
We also studied the temperature dependence of spectral functions. We found that the effective masses for the S-wave ground states show no T -dependence up to 1.4T c . Corresponding effective spectral functions show a slight shift between below and above T c . The absence of a drastic T -dependence suggests that η c and J/ψ do not dissociate up to 1.4T c . However, the limitation in the range of t poses a severe constraint to extract asymptotic signals.
In systems with finite volume, continuum spectra in the infinite-volume limit must break up into discrete spectra. In the case of free quarks, we have confirmed the appearance of expected discrete spectra in the spectral function for meson operators. In QCD at T = 0, we do not expect such additional discrete spectra around the ground state because they appear only above the two-particle threshold in the same channel. Accordingly, we did not observe them around the states we studied. When a meson dissociates at high temperature, we expect that the corresponding discrete spectrum changes into a broad continuous peak in the spectral function at that temperature in the infinite-volume limit. On finite lattices, we thus expect the appearance of additional discrete spectra around the original spectrum. We have observed strong T -dependence of the signal at intermediate distances in several channels above T c , which may be suggesting the appearance of these additional spectra in these channels. To draw a definite conclusion, however, we need asymptotic signals for these spectra. When such asymptotic signals become available, it is important to check the volume dependence and the overlap with the meson operators used. More work is needed, in particu- 
where ξ = a s /a t is the lattice anisotropy [21] . With the antiperiodic boundary condition in the temporal direction, the Fourier transform of the quark propagator in p 4 reads
where
Here, E( p) is the location of the pole of (A1):
Thus, the meson correlation functions (2) in the free quark case are given by
Concrete values of them are summarized in TABLE III. The last term in (A7) is removed by the midpoint subtraction procedure (12) . For the Ps channel, the last term is absent because b j = c = 0 as listed in Table III. On the other hand, for the P-wave states (the Sc and Av channels), the last term is numerically large.
Adopting the midpoint subtraction procedure, the analytic solution for the meson spectral function in the free Wilson quark case is now given bỹ
(A9) 1, 2, 3) are both stable for all t and n up to n = 7. We use t = N t /2 − 1 to extract asymptotic values of m k and ρ Γ (m k ). Our choices of t 0 for the 20 3 × 128 lattice are summarized in Table IV. On  the 20 3 × 32 lattice, we adopt t 0 = 14 for all channels and all values of n.
Results of the effective mass m eff k and the effective spectral function ρ Γ (m eff k ) as functions of t and n are given in Figs. 1 and 2 for the Ps and Sc channels. Results for the Ve and Av channels are similar to those for the Ps and Sc channels, respectively.
When we adopt t 0 larger than the value given in Table IV, we encounter unstable signals at several intermediate values of t. An example is shown in Fig. 23 . We find that a strange level appears at intermediate values of t. As we vary t, the strange level crosses the ordinary levels which have milder dependences on t. We find that the strange levels are suppressed when we adopt a sufficiently small t 0 , or limit ourselves to smaller values of n. These strange levels disturb the naming of low-lying states and the reliability of the signals. To avoid such levels for all n up to n = 7, we adopt the values of t 0 listed in Table IV. 
